Abstract. Given an action of a reductive group on a normal variety, we construct all invariant open subsets admitting a good quotient with a quasiprojective or a divisorial quotient space. Our approach extends known constructions like Mumford's Geometric Invariant Theory. We obtain several new Hilbert-Mumford type theorems, and we extend a projectivity criterion of Bia lynicki-Birula andŚwiȩcicka for varieties with semisimple group action from the smooth to the singular case.
Introduction
This article is devoted to a central task of Geometric Invariant Theory formulated in Bia lynicki-Birula's recent survey article in the Encyclopedia of Mathematical Sciences [3] : Given an action of a reductive group G on a normal variety X, describe all G-invariant open subsets U ⊂ G admitting a good quotient, i.e., a G-invariant affine morphism U → U/ /G such that the structure sheaf of U/ /G equals the sheaf of invariants p * (O U )
G . We provide a complete and rounded picture for the collections of all U ⊂ X admitting quasiprojective or divisorial quotient spaces. Our results comprise Mumford's Geometric Invariant Theory [22] as well as the generalization given in [16] . Within our framework, we prove Hilbert-Mumford type theorems conjectured in [3] . Moreover, we extend a projectivity criterion of Bialynicki-Birula andŚwiȩcicka from the smooth to the singular case, and thereby answer a question posed in [7] .
Whereas the approaches [22] and [16] use line bundles (or Cartier divisors), we work here in terms of Weil divisors. Given a single Weil divisor D, or a finitely generated group Λ of Weil divisors, we introduce the concept of a G-linearization and define corresponding sets X ss (D) and X ss (Λ) of semistable points. A first result concerns quasiprojective quotient spaces, see Theorems 5.2 and 5.3 (below, G-saturated means saturated w.r. to the quotient map):
Theorem. Let a reductive group G act morphically on a normal variety X.
(i) For any G-linearized Weil divisor D on X, there is a good quotient X ss (D) → X ss (D)/ /G with a quasiprojective variety X ss (D)/ /G. (ii) If U ⊂ X is open, G-invariant, and has a good quotient U → U/ /G with U/ /G quasiprojective, then U is a G-saturated subset of some X ss (D) . (iii) Let D be a G-linearized Weil divisor on X, and let T ⊂ G be a maximal torus.
Then we have X ss (D, G) = This complements Mumford's results: The first statement is a direct generalization of [22, Thm. 1.10] . For smooth X, the second statement basically occurs in [22, Converse 1.13] ; but in the singular case there are quasiprojective quotients that do not arise from Mumford's construction, see our example 2.2. The last result is in the spirit of the classical Hilbert-Mumford Criterion. It extends [22, Thm. 2.1] , where a related statement for G-linearized line bundles is given under the additional hypothesis that X is projective and the bundle is ample. The fact one can now drop these two assumptions is crucial for our subsequent results.
In Section 6, we replace the single Weil divisor D with a finitely generated group Λ of Weil divisors. As mentioned, the concept of a G-linearization extends, and we also have a notion of semistability. We obtain a quotient construction providing all open subsets with divisorial quotient spaces -a prevariety Y is divisorial if every y ∈ Y has an affine neighbourhood Y \ Supp(E) with an effective Cartier divisor E; this notion was introduced as a natural and far reaching generalization of quasiprojectivity, see [9] and [2] . The first two statements of the following theorem generalize corresponding results of [16] , and the third one is a new Hilbert-Mumford type result, see Theorems 6.2 and 6.3:
(i) For any G-linearized group Λ ⊂ WDiv(X), there is a good quotient X ss (Λ) → X ss (Λ)/ /G with a divisorial prevariety X ss (Λ)/ /G. (ii) If U ⊂ X is open, G-invariant, and has a good quotient U → U/ /G with U/ /G divisorial, then U is a G-saturated subset of some X ss (Λ). (iii) Let Λ ⊂ WDiv(X) be a G-linearized group, and let T ⊂ G be a maximal torus.
Then we have X ss (Λ, G) = g∈G g ·X ss (Λ, T ).
In Section 7, we apply our theory to the action of a semisimple group G, and complement the picture obtained so far. We look for maximal sets in the following sense: A qp-maximal G-set is an open set U ⊂ X admitting a good quotient U → U/ /G with a quasiprojective quotient space such that U does not occur as a G-saturated proper subset in some U ′ ⊂ X with the same properties. Similarly, a d-maximal G-set is a subset having the analogous properties with respect to divisorial quotient spaces. As well, one can define qp-and d-maximal H-sets for any reductive subgroup H ⊂ G.
In view of the various approaches to quotients by torus actions, see e.g. [4] and [3, Chap. 11] , a general strategy is the following: First construct the qp-and d-maximal T -sets for some maximal torus T ⊂ G, and then try to gain the respective G-sets out of these collections. The latter task, means to develop further Hilbert-Mumford type statements in the spirit of Bia lynicki-Birula's Conjecture [3, 12.1] . Given a maximal T -set U ⊂ X which is invariant under the normalizer N ⊂ G of T , one considers the intersection of all translates
The question then is whether W (U ) is open and admits a good quotient by the action of G. For semisimple groups G, some positive results concerning qp-and d-maximal T -sets U ⊂ X are known in special cases: The case of G = SL 2 acting on a smooth X is settled in [6, Thm. 9] Theorem. Let G be a connected semisimple group, and let T ⊂ G be a maximal torus with normalizer N ⊂ G. Let X be a normal G-variety, let U ⊂ X be an Ninvariant open subset of X, and let W (U ) denote the intersection of all translates g ·U , where g ∈ G.
(
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Note that one obtains indeed all qp-and d-maximal G-sets in this way, because by [8, Cor. 7] any of these sets is contained in some qp-maximal T -set or a dmaximal N -set. In the setting of (ii), we can prove much more. In fact, it turns out that U and W (U ) are the sets of semistable points of an ordinary linearized ample line bundle, and -even more surprising -that X is projective. This extends the main result of [7] from the smooth to the normal case and thereby gives an answer to the problem discussed in [7, Remark p. 965 ]. More precisely, we obtain, see Theorem 7.4:
Theorem. Let G be a connected semisimple group, let T ⊂ G be a maximal torus with normalizer N ⊂ G, and let X be a normal G-variety. Suppose that U ⊂ X is N -invariant, open and admits a good quotient U → U/ /T with U/ /T projective. Then there is an ample G-linearized line bundle L over X such that U = X ss (L, T ) holds. Moreover, we have X = G·U , and X is a projective variety.
The article is organized as follows: In Section 2, we recall the necessary background on good quotients and Mumford's construction. Sections 3 and 4 are devoted to G-linearizations of Weil divisors and, more generally, polyhedral semigroups of Weil divisors. Such semigroups are related to toric fibre spaces, which recently attracted some attention, see [14] and [25] . In Sections 5 and 6, we give the first main results concerning quasiprojective and divisorial quotient spaces. Finally, in Section 7, we treat semisimple group actions. Throughout the whole article, we shall adapt ideas and methods presented in [16] and [18] to our actual setting.
Some background and an example
In this section, we recall the notion of a good quotient, and briefly present Mumford's construction of good quotients with quasiprojective quotient spaces. Moreover, we show by means of an explicit example that for actions on singular varieties, Mumford's method does not yield all good quotients with quasiprojective quotient space.
In the sequel, we work over an algebraically closed field K of characteristic zero. By a G-(pre-)variety X we mean a (pre-)variety X together with a morphical action G × X → X of an algebraic group G. In this section, G is always reductive. The notion of a good quotient is the following, compare [22, p. 38 Note that in our setting a separated G-variety may have a good quotient with a nonseparated quotient space. If a good quotient X → Y exists for a G-variety X, then it is categorical, i.e. any G-invariant morphism X → Z factors uniquely through X → Y . In particular, good quotient spaces are unique up to isomorphism. As usual, we write X → X/ /G for a good and X → X/G for a geometric quotient.
In general, a given G-variety X need not have a good quotient; but there frequently exist many G-invariant open subsets U ⊂ X with good quotient U → U/ /G. It is one of the central tasks of Geometric Invariant Theory to describe or even to construct all these subsets.
As noted in [3, Sec. 7.2] , the problem reduces to the construction of "maximal" subsets. More precisely, a subset U of an open G-invariant subset U ′ ⊂ X with good quotient p :
). Then one asks for maximal subsets with respect to G-saturated open inclusion. In the course of this one often imposes additional conditions on the quotient spaces, like completeness and, as we shall do, quasiprojectivity and divisoriality.
Let us recall Mumford's construction.
Since any tensor power of a G-linearized bundle L comes along with an induced G-linearization, we obtain a G-sheaf structure on any symmetric power S n L. Together this gives a graded G-sheaf structure on the symmetric algebra SL. In particular, one obtains a representation of G on
Mumford calls a point x ∈ X semistable with respect to L if there is a Ginvariant section f ∈ SL(X) which is homogeneous of positive degree such that removing the zero set Z(f ) from X gives an affine neighbourhood of x. The set of all semistable points of L → X is denoted by X ss (L). The crucial properties are, see [22, Thm. 1.10, Converse 1.13, Thm. 2.1], and [5] :
• If X is smooth, and U ⊂ X is open and G-invariant with good quotient
• If X is projective, L is an ample G-linearized bundle, and T ⊂ G is a maximal torus, then we have
In [16] , we generalized Mumford's construction by replacing the G-linearized bundle L with a finitely generated free group Λ of Cartier divisors on X. The result is a theory providing the first two statements not only for quasiprojective quotient spaces but more generally for divisorial ones. Recall from [9] that an irreducible prevariety Y is divisorial, if every y ∈ Y has an affine neighbourhood Y \ Supp(D) with an effective Cartier divisor D on Y . If X is singular, then Mumford's method and the generalization given in [16] need no longer provide all open subsets with quasiprojective or divisorial quotient spaces. For a concrete example, consider the cone X over the image of P 1 × P 1 in P 3 under the Segre embedding, i.e.:
Then X is a normal variety having precisely one singular point. Let U := X z2 ∪ X z4 be the set of points having nonvanishing 2nd or 4th coordinate. We consider the following action of the twodimensional torus T := K * × K * on X:
The set U ⊂ X has a geometric quotient U → U/T with U/T ∼ = P 1 , but U is not the set of semistable points of a T -linearized line bundle on X.
Proof. The most convenient way is to view X as a toric variety, and to work in the language of lattice fans, see [12] for the basic notions. As a toric variety, X corresponds to the lattice cone σ in Z 3 generated by the vectors
The big torus of X is T X = (K * ) 3 . The torus T acts on X by (t, x) → ϕ(t)·x, where ϕ : T → T X is the homomorphism of tori corresponding to the linear map
Our open set U ⊂ X is a union of three T X -orbits: the big T X -orbit, and the two twodimensional T X -orbits corresponding to the rays ̺ 1 := Q ≥0 v 1 and ̺ 3 := Q ≥0 v 3 of the cone σ. The well known fan theoretical criterion [15, Thm. 5.1], tells us that there is a geometric quotient for the action of T on U ; namely the toric morphism p : U → P 1 defined by the linear map
We show now that there is no T -linearized line bundle on X having U as its set of semistable points. First note that as an affine toric variety, X has trivial Picard group. Thus we only have to consider T -linearizations of the trivial bundle. Since O * (X) = K * holds, each T -linearization of the trivial bundle is given by a character χ of T in the following way:
Thus we only have to show that U is not a union of sets X f , for a collection of functions f ∈ O(X) that are T -homogeneous with respect to a common character of the torus T . Now, any T -homogeneous regular function on X is a sum of T -homogeneous character functions χ u ∈ O(X) , where u = (u 1 , u 2 , u 3 ) is a lattice vector of the dual cone σ ∨ of σ. Recall that u ∈ σ ∨ means that the linear form u is nonnegative on σ, i.e. we have
For such a character function χ u ∈ O(X), we can determine its character of T -homogeneity by applying the dual of the embedding Z 2 → Z 3 to the vector u. Thus, χ u is T -homogeneous with respect to the character of T corresponding to the lattice vector (2u 1 + u 2 + u 3 , 2u 2 + u 3 ). The conditions that a character function χ u ∈ O(X) does not vanish along the orbit T X ·x i corresponding to one of the rays ̺ i are u 1 = 0 for nonvanishing along T X ·x 1 , and u 3 = −u 2 for nonvanishing along T X ·x 3 .
Suppose that χ u ∈ O(X) does not vanish along T X ·x 1 and that χ u ∈ O(X) does not vanish along T X ·x 3 . Then their respective T -homogeneities are given by the vectors (u 2 + u 3 , 2u 2 + u 3 ), (2 u 1 , u 2 ). If both are T -homogeneous with respect to the same character, then we must have 2 u 1 ≤ u 2 . But then nonvanishing along T X · x 3 and the last regularity condition imply u = 0.
In conclusion, we obtain that the only character of T -admitting homogeneous functions that do not vanish along T X ·x 1 and functions that do not vanish along T X · x 3 is the trivial one. Since T acts with an attractive fixed point on X this means that we cannot obtain U as a union of sets X f as needed.
Linearization and toric bundles
In this section, G is an arbitrary linear algebraic group, and X is an irreducible normal G-prevariety. We introduce the notion of a G-linearization for a polyhedral semigroup of Weil divisors, and provide first basic statements concerning existence and uniqueness of such G-linearizations.
As we shall see, semigroups consisting of Cartier divisors correspond to certain toric bundles over X, i.e. bundles having a toric variety as typical fibre, and Glinearizations correspond to certain liftings of the G-action to the total space. Toric bundles have recently drawn some attention apart from our context, see [14] , [25] .
Let us fix the notation. By WDiv(X) we denote the group of Weil divisors of X, and CDiv(X) ⊂ WDiv(X) is the subgroup of Cartier divisors. For a finitely generated subsemigroup Λ ⊂ WDiv(X), let Γ(Λ) ⊂ WDiv(X) denote the subgroup generated by Λ. We say that a subsemigroup Λ ⊂ WDiv(X) is polyhedral, if in Q ⊗ Z Γ(Λ) it is the intersection of Γ(Λ) with a convex polyhedral cone.
Let Λ ⊂ WDiv(X) be a polyhedral semigroup. Since we assumed X to be normal, there is an associated O X -module O X (D) of rational functions for any D ∈ Λ. In fact, multiplication in the function field K (X) gives even rise to a Λ-graded O X -algebra:
Recall that a graded G-sheaf structure on A is a collection of graded O(U )-algebra homomorphisms A(U ) → A(g ·U ), which are compatible with group operations in G and with restriction and algebra operations in A. Thereby G acts as usual on the structure sheaf O X via g ·f (x) := f (g −1 ·x).
Definition 3.1. By a G-linearization of a polyhedral semigroup Λ ⊂ WDiv(X) we mean a graded G-sheaf structure on the O X -algebra A such that for every
In the case of a semigroup Λ = ND with some D ∈ WDiv(X), we shall often speak of a G-linearization of the Weil divisor D and will not mention the semigroup ND behind it.
We give two existence statements for G-linearizations. The first one generalizes the corresponding result of Mumford, see [22, Cor. 1.6] and also [21, Prop. 2.4] . We use the following terminology: Given polyhedral semigroups Λ ′ ⊂ Λ, we say that Λ ′ is of finite index in Λ if there is an n ∈ N with nΛ ⊂ Λ ′ .
Proposition 3.2. Suppose that X is separated and that G is connected. Then, for any polyhedral semigroup Λ ⊂ WDiv(X), some subsemigroup Λ ′ ⊂ Λ of finite index admits a G-linearization.
Proof. First we construct the G-linearization over the set U ⊂ X of smooth points. Consider the group Γ ⊂ WDiv(X) generated by Λ. Then [16, Prop. 1.4], or more explicitely [17, Prop. 3.5] give us a subgroup Γ ′ ⊂ Λ of finite index that is Glinearized over U . Thus Λ ′ := Γ ′ ∩ Λ has the desired properties over U . The task now is to exend the G-sheaf structure of the O X -algebra A ′ corresponding to Λ ′ from U to X. But this is easy: First note that for any open
The second existence statement provides canonical G-linearizations. We say that a Weil divisor D = n E E is G-tame if n g·E = n E holds for any prime cycle E. The support of a G-tame Weil divisor is G-invariant, whereas its components may be permuted. Recall that G acts on the function field
Proof. Compare [16, Lemma 4.2] . Let A denote the graded O X -algebra associated to Λ. Firstly, we have to show that for any local section f ∈ O(U ), the translate g·f belongs to A(g·U ). But this follows from the fact that for any prime divisor E on X we have ord E (g ·f ) = ord g −1 ·E (f ).
So, G acts on the sheaf A. The remaining point is to verify that for any We shall need a geometric understanding of G-linearizations. For this, we consider polyhedral semigroups consisting of Cartier divisors. Such semigroups correspond to fibre bundles having an affine toric variety as typical fibre: Proposition 3.4. Let Λ ⊂ CDiv(X) be a polyhedral semigroup with associated Λ-graded O X -algebra A, and let X := Spec(A).
(i) The Λ-grading of A defines an action of the torus S := Spec(Γ(Λ)) on X, and the canonical map q : X → X is a good quotient for this action.
(ii) The map q : X → X is locally trivial with typical fibre
The open set X ⊂ X of free S-orbits is an S-principal bundle over X.
(iii) The inclusion X ⊂ X corresponds to the inclusion A ⊂ B of the graded O X -algebras A and B associated to Λ and Γ(Λ). (iv) For any homogeneous section f ∈ A(X), its zero set as a function on X equals
Proof. Consider the group Γ(Λ) generated by Λ and its O X -algebra B. Locally, B is a Laurent monomial algebra over O X , i.e. for small affine open U ⊂ X, we have a graded isomorphism over O(U ):
Cutting down this to the subsemigroup Λ ⊂ Γ(Λ) and the associated subalgebra A ⊂ B, we obtain local triviality of q : X → X. The remaining statements follow then easily.
In 3.4, the typical fibre
is an affine toric variety with big torus S. Hence we speak of X → X as the toric bundle associated to Λ ⊂ CDiv(X). As already done in (iii), we shall often skip between viewing a homogeneous f ∈ A(X) as a section of a divisor on X and regarding it as a function on X.
In terms of the toric bundle associated to a polyhedral semigroup of Cartier divisors, the meaning of a G-linearization is the following: Proposition 3.5. Let Λ ⊂ CDiv(X) be a G-linearized polyhedral semigroup with associated graded O X -algebra A and toric bundle q : X → X. Then there is a unique set theoretical group action G × X → X with the following properties:
(i) For fixed g ∈ G, the translation X → X, z → g·z is a morphism and satisfies
The actions of S = Spec(Γ(Λ)) and G on X commute. In particular q : X → X is G-equivariant, and the maps X x → X g·x are S-equivariant.
Proof.
For any open set U ⊂ X, we have O(q −1 (U )) = A(U ). Thus, for every affine open U ⊂ X and every g ∈ G, we obtain a commutative diagram of algebra homomorphisms and a corresponding diagram of morphisms:
The morphisms T U,g fit together to morphisms T g : X → X, and these in turn define an action G × X → X as in (i). By the second diagram, the map q : X → X is G-equivariant. Since all homomorphisms O(q −1 (g·U )) → O(q −1 (U )) are graded, the actions of S and G commute. This gives the second assertion.
If Λ = ND holds with a Cartier divisor D, then the corresponding toric bundle X → X is a line bundle. Thus, Mumford's G-linearized line bundles correspond to semigroups Λ = ND that are strongly G-linearized in the following sense: Definition 3.6. We say that a G-linearization of a polyhedral semigroup Λ ⊂ CDiv(X) is strong if the corresponding action G × X → X on the toric bundle space is a morphism.
Note that this definition differs from [16, Def. 1.2]. We shall need to know if a given G-linearization of a polyhedral semigroup of Cartier divisors is strong. Here comes a first couple of criteria; a further result will be given in Proposition 4.8.
Proposition 3.7.
A G-linearization of a polyhedral semigroup Λ ⊂ CDiv(X) is strong if one of the following statements holds:
(i) X is covered by affine G 0 -invariant open subsets, e.g., G 0 is a torus. (ii) The G-linearization of Λ is strong over the set of smooth points.
Proof. As before, let X → X be the toric bundle associated to Λ. Suppose that we are in the setting of (i). Surely it suffices to prove regularity of the induced action G 0 × X → X of the unit component G 0 ⊂ G. By assumption, this action locally arises from rational G 0 -representations. This readily implies regularity. In the setting of (ii), we know that the G-action on X is regular over the smooth points of X. Moreover, by G-equivariance of X → X, we can cover X by affine open sets such that their inverse images in G × X under the action map are open. Then regularity of G × X → X follows from normality of X. Proof. Consider the toric bundle q : X → X associated to Λ and the action of the torus S := Spec(K [Γ(Λ)]) on X. Given two strong G-linearizations of Λ, we have two morphical G-actions on X. We denote them by g·z and g * z, and consider the morphism Φ :
For fixed g, the map z → Φ(g, z) is an S-equivariant bundle automorphism. Hence, on each fibre it is multiplication with an element of the torus S. Consequently, there is a morphism α : G × X → S such that Φ is of the form
In the setting of (i), Rosenlicht's Lemma [11, Lemma 2.1] yields a decomposition α(g, z) = χ(g)β(q(z)) with a regular homomorphism χ : G → S and a morphism β : X → S. Since we assumed G to have only trivial characters, we can conclude that Φ is the identity map.
If we are in the situation of (i), then O * (X) = K * implies that Φ(g, z) = χ(g)·z holds with a regular homomorphism χ : G → S. Hence, after dividing X by the finite subgroup χ(G) ⊂ S, the two induced G-actions coincide. But this process means replacing Λ with a subsemigroup of finite index.
Let us remark that there are simple examples showing that for non connected G, one cannot omit the assumption O * (X) = K * in the second statement.
The ample locus
We introduce the ample locus of a polyhedral semigroup of Weil divisors, and study its behaviour in the case of G-linearized semigroups. The considerations of this section prepare the proofs of the various Hilbert-Mumford type theorems given later.
Unless otherwise stated, X denotes in this section an irreducible normal prevariety. Given a polyhedral semigroup Λ ⊂ WDiv(X), and a homogeneous local section f ∈ A D (U ) of the graded O X -algebra A associated to Λ, we define the zero set of this section as Z(f ) := Supp(div(f ) + D| U ).
Definition 4.1. Let Λ ⊂ WDiv(X) be a polyhedral semigroup with associated Λ-graded O X -algebra A.
(i) The Cartier locus of Λ is the set of all points x ∈ X such that every D ∈ Λ is Cartier near x. (ii) The ample locus of Λ is the set of all x ∈ X admitting an affine neighbourhood X\Z(f ) with a homogeneous section f ∈ A(X) such that X\Z(f ) is contained in the Cartier locus of Λ.
We shall speak of an ample semigroup Λ ⊂ WDiv(X) if the ample locus of Λ equals X. Thus, ample semigroups consist by definition of Cartier divisors. The relations to the usual concepts of ample divisors [13] and more generally ample families [9] , [2] are the following: Let us explain the geometric meaning of the ample locus of a polyhedral semigroup Λ ⊂ CDiv(X) in terms of the corresponding toric bundle q : X → X. Recall from Section 3 that X comes along with an action of the torus S := Spec(K [Γ(Λ)]), and that the set X ⊂ X of free S-orbits is an S-principle bundle over X. Proposition 4.3. Let Λ ⊂ CDiv(X) be a polyhedral semigroup with associated toric bundle q : X → X and ample locus U ⊂ X. Then q −1 (U ) ∩ X is quasiaffine.
Proof. Consider the subgroup Γ(Λ) ⊂ CDiv(X) generated by Λ, and denote the associated graded O X -algebra by B. Then X equals Spec(B), and for any homogeneous f ∈ B(X), its zero set as a function on X is equal to the inverse image q −1 (Z(f )) ∩ X. Consequently, the set q −1 (U ) ∩ X is covered by affine open subsets of the form X f with f ∈ O( X). This gives the assertion.
We turn to the equivariant setting. Let G be a linear algebraic group, and suppose that G acts morphically on the normal prevariety X. A first observation is that the zero set Z(f ) of a homogeneous section f behaves natural with respect to the G-action:
Lemma 4.4. Let Λ ⊂ WDiv(X) be a G-linearized polyhedral semigroup, and let f ∈ A D (U ) be a local section of the associated graded O X -algebra A. Then we have Z(g ·f ) = g ·Z(f ) for any g ∈ G.
Proof. By normality of X, we may assume that U is smooth. The problem being local, we may moreover assume that D is principal on U , say D = −div(h). Then the section f is of the form f = f ′ h with a regular function f ′ , and Z(f ) is just the zero set Z(f ′ ) of f ′ . Translating with g ∈ G gives
Since h is a generator of A(U ), the translate g · h is a generator of A(g · U ). This means that Z(g ·h) is empty. By the definition of a G-linearization, G acts canonically on the structure sheaf O X , that means that g ·f ′ (x) equals f ′ (g −1 ·x). This implies Z(g ·f ′ ) = g ·Z(f ′ ), and the assertion follows.
Proposition 4.5. Let Λ ⊂ WDiv(X) be a G-linearized polyhedral semigroup. Then the Cartier locus and the ample locus of Λ are G-invariant.
Proof. Let A denote the graded O X -algebra corresponding to Λ. The Cartier locus of Λ is the set of all points x ∈ X such that for any D ∈ Λ the stalk A D,x is generated by a single element. Thus, using the G-sheaf structure of A, we obtain that the Cartier locus is G-invariant. Invariance of the ample locus, then is a simple consequence of Lemma 4.4.
As a direct application, we extend a fundamental observation of Sumihiro on actions of connected linear algebraic groups G on normal varieties X, see [27, Lemma 8] , and [28, Thm. 3.8]: Every point x ∈ X admits a G-invariant quasiprojective open neighbourhood. Our methods give more generally: Proposition 4.6. Let G be a connected linear algebraic group, let X be a normal G-variety, and let U ⊂ X be an open subset.
(i) If U is quasiprojective, then G·U is quasiprojective.
(ii) If U is divisorial, then G·U is divisorial. In particular, the maximal quasiprojective and the maximal divisorial open subsets of X are G-invariant.
If X admits a normal completion for which the factor group of Weil divisors modulo Q-Cartier divisors is of finite rank, then [ 
in X is of pure codimension one, and thus we have
Consequently, by closing the components of D ′ and adding a suitably big multiple of
Suppose we are in (i), and Λ ′ = ND ′ is an ample semigroup in CDiv(U ). Let f 
Similarly, in the situation of (ii), we can fix a group Λ ′ ⊂ CDiv(U ) and a collection f ′ 1 , . . . , f ′ r of homogeneous sections such that the sets U \ Z(f ′ i ) are affine and cover U . By the same reasoning as before, we can extend these data to a group Λ ⊂ WDiv(X) with a collection of global homogeneous sections f 1 , . . . , f r satisfying X \ Z(f i ) = U \ Z(f ′ i ), and hence being as in 4.1 (ii). In both cases U is contained by construction in the ample locus of the extension Λ. Since passing to subsemigroups of finite index does not shrink the ample locus, we can use Proposition 3.2, and endow Λ with a G-linearization. The assertion then follows from G-invariance of the ample locus of Λ and the fact that quasiprojectivity as well as divisoriality transfer to open subvarieties.
We conclude this section with a further regularity criterion for the G-action on the toric bundle X → X associated to a G-linearized polyhedral semigroup of Cartier divisors on X. A first step is the following equivariant and refined version of Proposition 4.3; again, we consider the subset X ⊂ X of free S-orbits: Lemma 4.7. Let Λ ⊂ CDiv(X) be a G-linearized polyhedral semigroup with associated toric bundle q : X → X. Let U ⊂ X be the ample locus of Λ, and set
(i) one can achieve that the image of the pullback map O(Z) → O( U ) is contained
in O( X), (ii) given f 1 , . . . , f k ∈ A(X) as in 4.1 with X fi ⊂ X, one can achieve that each f i extends regularly to Z and satisfies U fi = Z fi .
Proof. Let f 1 , . . . , f k ∈ A(X) be as in (ii), and complement this collection by further homogeneous sections f k+1 , . . . , f r ∈ A(X) as in Definition 4.1 such that the affine sets X i := X \Z(f i ) cover the ample locus U ⊂ X. Then each f i , regarded as a regular function on X, vanishes outside the affine open set X i := q −1 (X i ) and has no zeroes inside X i ∩ X.
For each index i, we choose finitely many homogeneous functions h ij ∈ O( X) such that the affine algebra O( X) fi is generated by functions h ij /f lij . Since the G-representation on O( X) is rational, we find finite dimensional graded G-modules
Let R ⊂ O( X) denote the subalgebra generated by the elements of the M i and the M ij . Then R is graded, G-invariant, and it is finitely generated. Thus it defines an affine (G × S)-variety Z := Spec(R). By construction, we have Z fi = X fi . In particular, Z contains U as an open invariant subvariety and has the desired properties.
Proposition 4.8. Let Λ ⊂ CDiv(X) be a G-linearized polyhedral semigroup. Then the associated action G× X → X on the toric bundle is regular over the ample locus of Λ.
Proof. Consider once more the subset X ⊂ X consisting of free orbits with respect to the action of S := Spec(K [Γ(Λ)]) on X. As noted earlier, X is an S-principal bundle over X. Let U ⊂ X be the ample locus of Λ, and set U := q −1 (U ). According to Lemma 4.7, the group G acts morphically on the set U := X ∩ U .
Choose a cover of U by open subsets U i ⊂ U such that the toric bundle U → U is trivial over the U i . Let U i := q −1 (U i ), and set U i := U i ∩ U . Moreover, for any two i, j, consider the sets
Then U (i,j) is isomorphic to the product G × U (i,j) × S. Since the map q : U → U is G-equivariant, the G-action is on U (i,j) of the form (g, x, s) → (g ·x, α(g, x, s)) with a morphism α : U (i,j) → S. Set β(g, x) := α(g, x, e S ). Then, by Rosenlicht's Lemma [11, Cor. 2.2], the scaled morphism
defines for fixed (g, x) a homomorphism S → S. By rigidity of tori, see e.g. [20, Prop. 16.3] , the scaled morphism does not depend on (g, x). In other words, the map α is of the form α(g, x, s) = β(g, x)ϕ(s) with a morphism ϕ : S → S of algebraic groups. Since each map X x → X g·x is regular, ϕ extends to a morphism of the typical fibre. This shows that U (i,j) → U i extends to a morphism U (i,j) → U i , and thus implies regularity G × U → U.
Quasiprojective good quotient spaces
In this section, G is a reductive group, and X is a normal G-variety. We extend Mumford's concept of semistability to G-linearized semigroups ND, where D is a Weil divisor on X. This gives an appropriate language to describe all open subsets of X that admit a quasiprojective good quotient space.
Fix a Weil divisor D on X, and a G-linearization of the semigroup Λ := ND; recall that the latter is a certain G-sheaf structure on the associated Λ-graded O Xalgebra A. We shall speak in the sequel of the G-linearized Weil divisor D. Our definition of semistability is a straightforward generalization of [22, Def. 1.7 
(b)]:
Definition 5.1. We call a point x ∈ X semistable if there is an integer n > 0 and a G-invariant f ∈ A nD (X) such that X \ Z(f ) is a affine neighbourhood of x and D is Cartier on X \ Z(f ). (ii) If U ⊂ X is open, G-invariant, and has a good quotient U → U/ /G with U/ /G quasiprojective, then U is a G-saturated subset of the set X ss (D) of semistable points of a canonically G-linearized Weil divisor D.
Proof. For i), we can follow the lines of [22, Thm. 1.10]: Choose G-invariant homogeneous f 1 , . . . , f r ∈ A(X) as in Definition 5.1 such that X ss (D) is covered by the sets X i := X \ Z(f i ). Replacing the f i with suitable powers, we may assume that all of them have the same degree. Consider the good quotients:
Each X i \ X j is the zero set of the G-invariant regular function f j /f i . Thus X i ∩ X j is saturated with respect to the quotient map p i : X i → X i / /G. It follows that the p i glue together to a good quotient p : 
Here the bar over the pullback p * (E) means closing components. By construction, D is a G-tame Weil divisor, and D| U equals p * (E). Moreover, if we choose m ∈ N big enough, then the pullbacks p
Let A be the graded O X -algebra associated to D, and consider the canonical G-linearization of D provided by Proposition 3.3. Then the sections f i ∈ A(X) are G-invariant, and satisfy the conditions of 5.1. It follows that U is a saturated subset of X ss (D) .
We come to the first Hilbert-Mumford type statement of the article. It allows us to express the set of G-semistable points in terms of the T -semistable points for a maximal torus T ⊂ G. In the case of an ample divisor D on a projective G-variety, our result gives back [22, Thm. 2.1].
Theorem 5.3. Let a reductive group G act morphically on a normal variety X, let T ⊂ G be a maximal torus, and let D be a G-linearized Weil divisor on X. Then we have:
The proof relies on a geometric analysis of instability and makes repeated use of the classical Hilbert Mumford Theorem [10, Thm. 4.2]. For later purposes, we formulate the basic steps separately. We study the following situation: G is a reductive group, Z is an affine G-variety, and T ⊂ G is a maximal torus. Then we have good quotients
Lemma 5.4. Let A ⊂ Z be G-invariant and closed, and let z ∈ p Note that for any t ∈ K * , the point t·z 0 lies in the closure of S 0 ·t·z ′ . This implies in particular that any point of K * ·z 0 is fixed by S 0 . Consequently, S 0 is a subgroup of the stabilizer G 0 of K * ·z 0 . Let n ∈ N denote the order of the isotropy group of K * in z 0 . Then the orbit maps µ : g → g·z 0 of G 0 and ν : t → t·z 0 of K * give rise to a well defined morphism of linear algebraic groups:
Clearly, S 0 is contained in the kernel of this homomorphism. By general properties of linear algebraic groups any maximal torus of G 0 is mapped onto K * , see e.g. [20, Cor. C, p. 136]. We choose a maximal torus S 1 ⊂ G 0 such that S 1 contains S 0 .
Let S ⊂ G be a maximal torus with S 1 ⊂ S. Then z 0 lies in the closure of S·z ′ . Moreover, K * ·z 0 is contained in S·z 0 . Writing S = g −1
1 T g 1 with a suitable g 1 ∈ G, we obtain that g 1 ·z 0 lies in the closure of T ·g 1 ·z ′ , and K * ·g 1 ·z 0 is contained in T ·g 1 ·z 0 . Thus, g := g 1 g 0 is as wanted.
The next observation concerns limits with respect to the K * -action on the quotient spaces. For H = T and H = G we consider the sets: B − H := {y ∈ Z/ /H; lim t→∞ t·y exists and differs from y}.
Proof. Let y 0 ∈ Z/ /G be the limit point of p G (z), and choose z 0 ∈ Z with G · z 0 closed in Z and p G (z 0 ) = y 0 . Note that G·z 0 is K * -invariant. Consider the quotient q : Z → Z/ /K * . Then G·q(z 0 ) is contained in the closure of G·q(z), because q(G·z 0 ) is closed, and we have
Thus, according to [10, Thm. 4.2] , there exist g, g 0 ∈ G such that g 0 ·q(z 0 ) lies in the closure of T ·g ·q(z). We can conclude that in Z/ /T , the K * -orbit closures of the points p T (g ·z) and p T (g 0 ·z 0 ) intersect nontrivially; this time we use
Since we have a K * -equivariant map Z/ /T → Z/ /G, and there is a G-invariant homogeneous function f ∈ O(Z) of negative weight with f (z) = 0 and f (z 0 ) = 0, it follows that p T (g ·z) belongs to B − T .
Proof of Theorem 5.3. Let A be the graded O X -algebra associated to D. Consider the Cartier locus X 0 ⊂ X of Λ := ND. By Proposition 4.5, the set X 0 is Ginvariant. Moreover, by normality of X, the complement X \ X 0 is of codimension at least two in X. Consequently, X ss 0 (D, T ) equals X ss (D, T ), and X ss 0 (D, G) equals X ss (D, G). Thus we may assume for this proof that X = X 0 holds. Moreover, we may assume that D and hence Λ are nontrivial. Then the associated toric bundle X := Spec(A) is a line bundle over X, and the torus acting on X is K * . Consider the G-action on X provided by Proposition 3.5. Removing the zero section gives the (G × K * )-invariant open subvariety X ⊂ X. Let q : X → X be the canonical map, let U ⊂ X be the ample locus of D, and set U := q −1 (U ) ∩ X. Choose T -invariant homogeneous sections f 1 , . . . , f r ∈ A(X) and G-invariant homogeneous sections h 1 , . . . , h s ∈ A(X) as in Definition 5.1 such that the complements X \ Z(f i ) and X \ Z(h j ) cover the respective sets X ss (D, T ) and X ss (D, G) of semistable points. Regarded as functions on X, the f i and the h j vanish along the zero section X \ X because they are of positive degree.
According to Lemma 4.7, we can choose a G-equivariant open embedding U ⊂ Z into an affine G-variety Z with the following two properties: Firstly, we have O(Z) ⊂ O( X). Secondly, the functions f i , h j ∈ O( U ) extend regularly to Z and satisfy U fi = Z fi and U hj = Z hj . Now consider the induced K * -actions on the quotient spaces Z/ /T and Z/ /G. As before, let B G be the sets of non fixed points admitting a limit for t → ∞. Then, setting A := Z \ U , we claim that for the respective sets of semistable points one has:
. Indeed, the inclusion "⊂" of the first equation is due to the facts that the intersection X ∩ q −1 (X \ Z(f i )) equals Z fi , and that each f i by T -invariance and homogeneity of positive degree vanishes along the set p
. Analogously one obtains the inclusion "⊂" for the second equality.
Conversely, to see the inclusions "⊃", we treat again exemplarily the first equation. First note that O(Z) ⊂ O( X) defines a morphism X → Z. Since we have X fi = U fi = Z fi , this morphism is an isomorphism over U . In particular, for every f ∈ O(Z) vanishing along Z \ U , we have X f = Z f .
Next consider the ideal of
This ideal is generated by functions f ′ that are homogeneous of positive degree.
is a T -invariant homogeneous section of positive degree in A(X). By the above consideration, we have
It follows that X\Z(f ) is affine, and hence f is as in Definition 5.1. Consequently, Z f lies over the set of T -semistable points of X. Since the functions f generate the ideal of p
, we obtain the desired inclusion. Now, Lemmas 5.4, 5.5, and 5.6 show that the inclusion "⊃" of the assertion is valid. The reverse inclusion is easy: Every translate g ·X ss (D, T ) is the set of semistable points of gT g −1 and hence contains X ss (D, G).
Divisorial good quotient spaces
In this section, we construct all divisorial good quotient spaces of a given normal variety with reductive group action. The results are analogous to those of the preceding section. The first theorem of this section generalizes the corresponding results of [16] , and the second one is a new Hilbert-Mumford type statement.
Let G be a reductive group, and let X be a normal G-variety. We work with finitely generated subgroups Λ ⊂ WDiv(X); these are in particular polyhedral semigroups. Fix such a subgroup Λ ⊂ WDiv(X), and a G-linearization of Λ as introduced in Section 3. That means that we have a certain graded G-sheaf structure on the associated O X -algebra
Definition 6.1. We call a point x ∈ X semistable, if x has an affine neighbourhood U = X \ Z(f ) with some G-invariant homogeneous f ∈ A(X) such that all D ∈ Λ are Cartier on U , and the D ∈ Λ admitting a G-invariant invertible h ∈ A D (U ) form a subgroup of finite index in Λ.
Similar to the preceding section, the set of semistable points is denoted by X ss (Λ), or X ss (Λ, G) if we want to specify the group G. Note that for G-linearized groups of Cartier divisors we get back the notion of semistability introduced in [ (i) For any G-linearized group Λ ⊂ WDiv(X), there is a good quotient
and admits a good quotient U → U/ /G with U/ /G divisorial, then U is a G-saturated subset of the set X ss (Λ) of semistable points of a canonically G-linearized group Λ ⊂ WDiv(X).
Proof. To prove (i), we reduce to the case that Λ consists of Cartier divisors. So, consider the Cartier locus X 0 ⊂ X of Λ. By Proposition 4.5, the set X 0 is Ginvariant. Since X is normal, X \ X 0 is of codimension at least two in X. Hence X ss 0 (Λ) equals X ss (Λ), and we may assume that Λ consists of Cartier divisors. But then [16, Thm. 3.1] gives the assertion.
The proof of (ii) is analogous to the proof of [16, Thm. 4 .1]: Since Y := U/ /G is a normal divisorial prevariety, we find effective E 1 , . . . , E r ∈ CDiv(Y ) such that the sets V i := Y \ Supp(E i ) are affine and cover Y . By [16, Lemma 4.3] , there are global sections h ij of some O Y (nE i ) such that each V ij := Y \ Z(h ij ) is affine, admits an invertible section h ijk in O Vij (E k ) for any k = 1, . . . , r, and, finally, the V ij cover Y .
Consider the quotient map p : U → Y and the pullback divisors p * (E i ) on U . As in the proof of Theorem 5.2, we can construct G-tame Weil divisors D i ∈ WDiv(X) such that D i | U = p * (E i ) holds, and every f ij := p * (h ij ) extends to a global section of O X (nD i ) and satisfies
Then we obtain for the respective sets of semistable points:
). This enables us to apply Lemmas 5.4 and 5.5. As in the proof of Theorem 5.3, they tell us that the inclusion "⊃" of the assertion is valid. The reverse inclusion is again easy: Every translate g·X ss (Λ, T ) is the set of semistable points of gT g
and hence contains X ss (Λ, G).
Actions of semisimple groups
In this section, we apply our theory to actions of semisimple groups. This gives generalizations of several results presented in [6] , [7] , and [19] . In order to formulate the statements, we introduce the following notions of maximality, compare [6] and [19] : Definition 7.1. Let G be a reductive group, let X be a G-variety, and let U ⊂ X be a G-invariant open subset. We say that (i) U is a qp-maximal G-set if there is a good quotient U → U/ /G with U/ /G quasiprojective, and U is not a G-saturated subset of a properly larger
In the sequel, G denotes a connected semisimple group, T ⊂ G is a maximal torus, and N ⊂ G denotes the normalizer of T in G. Moreover, X is a normal G-variety. (
The proof of this Theorem consists of combining the Hilbert-Mumford type Theorems 5.3 and 6.3 with the following observation:
with U = X ss (Λ, N ).
Proof. We only prove the first assertion; the second one is settled analogously. By Theorem 5.2 (ii), there is a canonically N -linearized Weil divisor D on X such that U is an N -saturated subset of X ss (D, N ). Since we assumed U to be N -maximal, we have in fact U = X ss (D, N ). We show now that after possibly replacing D with a positive multiple, the N -linearization extends to a G-linearization.
Let Z be a G-equivariant completion of X, see [27, Theorem 3] . Applying equivariant normalization, we achieve that Z is normal. By closing the support, we can extend D to a Weil divisor E of Z. Note that E is still N -tame and hence, by Proposition 3.3, it is canonically N -linearized. According to Proposition 3.7 (i), the canonical N -linearization of E is even a strong one over the set of smooth points Z reg of Z.
Proposition 3.2 tells us that after replacing E (and D) with suitable multiples, we can choose a G-linearization of E. Again by Proposition 3.7 (i), the resulting Nlinearization of E is strong over Z reg . Since we have O(Z reg ) = K and the character group of N is finite, Proposition 3.8 (ii) says that after possibly passing to a further multiple, the G-linearization of E induces the canonical N -linearization of E over Z reg and hence over Z. Restricting to X ⊂ Z, we obtain the assertion.
Note that this Proposition is the place, where semisimplicity of G came in: In the proof, we made essentially use of the fact that the character group of N is finite.
Proof of Theorem 7.2. Note first that in the setting of (i), the induced action of the Weyl group N/T on U/ /T admits a geometric quotient with a quasiprojective quotient space. The composition of the quotients by T and N/T is a good quotient U → U/ /N . It follows that U is a qp-maximal N -set. Now, for (i), choose a G-linearized semigroup Λ = ND, and for (ii) a G-linearized group Λ ⊂ WDiv(X) as provided by Proposition 7.3. By the definition of semistability, we have
From Theorems 5.3 and 6.3 we infer that also the reverse inclusions hold. This gives the assertion.
In the case of complete quotient spaces, the approach via Weil divisors finally turns out to be a detour: Here everything can be done in terms of line bundles. More precisely, we have the following generalization of [7, Thm. 1] , compare also [7, Remark, p. 965 
]:
Theorem 7.4. Let U ⊂ X be an N -invariant open subset admitting a good quotient U → U/ /T with U/ /T projective. Then there is an ample G-linearized line bundle L over X such that U = X ss (L, T ) holds. Moreover, we have X = G·U , and X is a projective variety.
Before giving the proof, we combine this result with [22, Thm. 2.1] to obtain the following supplement to the Hilbert-Mumford Theorem 7.2: Corollary 7.5. Let X and U ⊂ X be as in Theorem 7.4. Then the intersection W (U ) of all translates g ·U , g ∈ G, is an open T -saturated subset of U , there is a good quotient W (U ) → W (U )/ /G, and W (U )/ /G is projective.
We come the proof of Theorem 7.4. A first ingredient is a reformulation of an observation by Bia lynicki-Birula andŚwiȩcicka concerning semisimple group actions on the projective space, compare [7, Lemma, p . 963]: Lemma 7.6. Let G act morphically on P n . Then the translates g · P ss n (O (1), T ) , where g ∈ G, cover P n .
Proof. The complement Y of the union of all translates g·P Lemma 7.7. Let D be a strongly G-linearized Cartier divisor, and suppose that X equals G·X ss (D, T ). Then there is a G-equivariant locally closed embedding X ⊂ P n such that X ss (D, T ) is T -saturated in X ∩ P ss n (O(1), T ), where X is the closure of X in P n . U = X 0 ∩ P ss n (O(1), T ). Moreover, from Lemma 7.6 we infer that the translates g ·U , where g ∈ G, cover X 0 . But this means that we have X 0 = X 0 . In particular X 0 is projective, X = X 0 holds and D is ample.
It is unclear, how far one can go with statements like Theorem 7.4 in the case of a non normal variety X. However, our methods yield the following (as before, G is a connected semisimple group, T ⊂ G is a maximal torus, and N ⊂ G denotes the normalizer of G):
Corollary 7.8. Let X be an arbitrary G-variety, and let U ⊂ X an N -invariant open subset U ⊂ X admitting a good quotient U → U/ /T . Suppose that U/ /T is projective and that there is a normal point x ∈ U with a closed T -orbit. Then X is complete with a projective normalization, and we have X = G·U .
Proof. Consider the G-equivariant normalization ν : X ′ → X. Let U ′ ⊂ X ′ be the inverse image of U ⊂ X, and let µ : Y ′ → Y be the normalization of the
